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Abstract 

In this article we obtain the asymptotic formulas for the eigenvalues 
and eigenfunctions of the self-adjoint operator generated by a system of 
Sturm-Liouville equations with summable coefficients and the quasiperi- 
odic boundary conditions. Then using these asymptotic formulas, we find 
the conditions on the potential for which the number of gaps in the spec- 
trum of the Hill's operator with matrix potential is finite. 



Let L(Q(x)) be the differential operator generated in the space L™(— oo, oo) 
of the vector functions by the differential expression 

-y"(x) + Q(x)y(x), (1) 

where Q (x) — (bij (x)) is a m x to Hermitian matrix with the complex- valued 
summable entries bij (x) and Q (x + 1) = Q(x). It is well-known that the 
spectrum of the operator L is the union of the spectra of the operators Lt 
for t € [0, 2tt) generated in L™(0, 1) by the differential expression (1) and the 
quasiperiodic conditions 

2/(l) = eV (0), y(l)=e*y(fi). (2) 

Note that i™( a i i s the set of the vector functions 

f( x ) = (fl{x) ,h(x) ,...,f m (x)) with f k (x) G L 2 {a,b) for k = 1,2,..., to. 
The norm ||.|| and inner product (., .) in LV, l {a,b) are defined by 

() V ) 

11/11= I / |/(»)| dx\ , (f(x),g(x))= J (f(x),g(x))dx, 

\a / a 

where |.| and (., .) are the norm and inner product in C m . 

Let us introduce some preliminary results and describe briefly the scheme of 
the paper. Clearly, 
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are the eigenfunctions of the operator L t (0) corresponding to the eigenvalue 
(27rfc + t) 2 . If t ^ 0,7r then the multiplicity of the eigenvalue (2irk + t) 2 is 
to and the corresponding eigenspace is Ek(t) = span{tpk,i,t,<Pk,2,t, ■■; l Pk,m,t}- 
In the cases t = and t = tt the multiplicity of the eigenvalues (2-7rfc) and 
(2-rrk + tt) is 2m and the corresponding cigenspaces are 
-Efc(O) = span {(p n ,j,o ■ n = k, — k; j = 1, 2, ...m} and 
Ek(Tt) = span {(p n ,j.TT ■ n = k, —(k + 1); j = 1, 2, ...to} respectively 
It easily follows from the classical investigations [1] that the eigenvalues of 
the operator L t (Q) consist of to sequences 

{A M (i) :keZ}, {A M (i) : fc e Z}, {A fe , m (t) : k e Z} (3) 

satisfying the following, uniform with respect to t e [0, 27r), asymptotic formulas 



Xkj{t) = (2TTk + tf +C»(fc 1 -^) 



(4) 



for j = 1,2, to. We say that the formula f(k,t) = 0(h(k)) is uniform with 
respect to t € [0, 2tt) if there exists a positive constant c, independent on t, such 
that | /(fc, t)) |< c | ft(fc) | for all i e [0, 2tt) and fe e Z. 

In forthcoming relations by iV we denote a big positive integer, that is, 
N ^> 1, and by Cfe for fc = 1,2, the positive constants, independent on N and 
t, whose exact values are inessential. The formula (4) shows that the eigenvalue 
Afc,j(t) of L t (Q) is close to the eigenvalue (2kn + t) of L t (Q), namely : 

\X kj (t)-(2kTT + t) 2 \<C 1 \k\ 1 -^. 

To analyze the distance of the eigenvalue (2kn + 1) 2 of L t (0) from the other 
eigenvalue (2pTT + t) 2 of L t (Q) , which is important in perturbation theory, we 
have to consider three cases. 
Case 1 : t e T(k), where 

T(fc) = [-f,f)\((-(ln|fc|)- 1 ,(ln|A : |)- 1 )U(7r-(ln|fc|)- 1 ,7r+(ln|fcr 1 )) , 

Case 2: * e ((-(In (fcl)" 1 , (In Ifcl)- 1 ), 

Case 3: te (tt — (In | fc| ) ~ 1 , tt + (In | | ) - 1 )) . 

Using (4) one can easily verify that the inequalities 

| (2kn + tf - (2tt P + tf\> c 2 (ln | Asl)" 1 CI l*| - Wl + + \p\), 



\X ktj (t) (2TT P + ty | > c 2 (ln IfcD^dlfcl - H| + l)(|fc| + \ P \) (5) 

hold in Case 1, Case 2, and Case 3 for p ^ k, for p ^ k, ~k and for 

p 7^ k,—(k + 1) respectively. To avoid the listing of these cases repeatedly 
we introduce the following notation 

{k} for t € T(k), 

A(k,t) = { {k,-k} for t € (-lnl^l)- 1 , (lnjfcl)- 1 ), } . (6) 

{k,-k- 1} forte (tt- (ln|A;|)- 1 ,7r+ (lnlfcl)" 1 ) 
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Thus the inequalities (5) hold for p £ A(k,t). This implies the following purpo- 
sive relations 

V- \- < %, Vd> 2 I k I, (7) 

V I = 0(fi^) (9) 

p:p ^ M) l^(*)-( 2 ^ + *) 2 | 2 fc2 

£ l - - 2 =o(^) (10) 

The formulas (7)-(10) are uniform with respect to t £ [— ^). 

In this paper we suggest a method by which the asymptotic formulas of high 

accuracy for the eigenvalues Afej (t) and for the corresponding normalized eigen- 

functions ^k,j,t{%) of L t (Q) when the entries bij(x) of Q(x) belong to £i[0, 1], 

that is, when there is not any condition about smoothness of the potential Q(x) 

are obtained. Note that to obtain the asymptotic formulas of high accuracy 

by using the classical asymptotic expansions for the solutions of the matrix 

equation —Y + Q (x) Y = \Y it is required that Q(x) be differentiable (see 

[1-4]). To obtain the asymptotic formulas we consider the operator L t (Q) as 

l 

perturbation of L t (C), where C = J Q (x) dx, by Q(x) — C, that is, we take the 

o 

opcratorL t (C) for an unperturbed operator and the operator of multiplication 
by Q(x) — C for a perturbation. Therefore first we analyze the eigenvalues and 
cigenfunction of L t (C). 

The adjoint operator to L t (Q) is L t (Q*) , where Q* (x) is the adjoint ma- 
trix to Q(x). Since Q(x) is Hcrmitian matrix, that is, Q* (x) = Q (x) and 
the boundary conditions (2) are self-adjoint the operators Lt(Q), L t {C) and 
Lt(0) are self-adjoint. The eigenvalues of C, counted with multiplicity, and the 
corresponding orthonotmal eigenvectors are denoted by 

Mi < M2 < ••• < Mm and t>i,i>2, ■ ■■,v m respectively. Thus 

Cvj = fijVj, (vi, Vj) = Sij 

In these notations the eigenvalues and eigenfunctions of L t (C) are 
li ktj (t) = {Zirk + tf +fij, $ k ,jA x ) = v 3 e^ k+t > 1 that is, 

(L(C)-/ifcj(t))*fcj,t(x)=0. (11) 

To prove the asymptotic formulas for the eigenvalues \k,j{t) and for the 
corresponding normalized eigenfunctions ^k.j,t(x) of L t (Q) we use the formula 

(A fc j(t) -At„,i(t))(*fcj,t,#n,i,t) = ((Q(i)-C)tfcj, t ,$„,i, ( ) (12) 
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for n G A(k,t), connecting the eigenvalues and eigenfunctions of the operators 
L t (Q) and L t (C), which can be obtained from 

L(Q (aO)* fc j, t (aO = A fciJ -(i)* fcJit (a;) (13) 

by multiplying both sides by <& n> i t t{x) and using (11). Then we estimate the 
right-hand side of (12) ( see Lemma 2) by using Lemma 1. At last using the 
connecting formula (12) and lemmas 2, 3 we find the asymptotic formulas for 
the eigenvalues and eigenfunctions of L t (Q) ( see Theorem 1). Then using these 
asymptotic formulas, we find the conditions on the eigenvalues of the matrix C 
for which the number of the gaps in the spectrum of the Hill's operator L(Q) is 
finite. This result for differentiable Q(x) is obtained in [4,5]. To estimate the 
right-hand side of (12) we use (7), (8), the following lemma, and the formula 

(\ k ,j(t) - (27m + t) 2 ) {Vk,j,t,<Pn,s,t) = (*fe,j,t, Q (x) <p„, s ,t) , (14) 

which can be obtained from (13) by multiplying both sides by <p n ,s,t(x) and 

using L t (0) tp n ,sA x ) = ( 2?m + f ) 2 <Pn,s,t( x )- 

Lemma 1 For the right-hand side of (14) the fallowings hold: 

(^k,j,t{x),Q(x) <p n , 3 ,t(x)) = ^ b Stq , n -p(^k,j,t,<fip,g,t), (15) 

(J— 1,2, . . .7X1 

p— — oo,...,oo 

\{^k,j,t{x),Q{x)Vn,s,t{ X ))\ < C 4 (16) 

far n e Z ; | k |> N ; s, j = 1, 2, m, where 

1 

b s , q ,n- P = j b s , q (x) e 2m{p - n)x dx. (17) 
o 

Proof. Since Q(x)V k ,j,t( x ) e L T[0, 1] w e have 

lim (Q(x)^k,j,t{x),(p n ,s,t{x)) = 0, Vs = 1,2, ...,m. 

n — >oo 

Therefore there exists a positive constant C(k,j) and indices fc , jo satisfying 

m£ i x l(*W,t)QW Vn,s,t)\ = \{^k,j,t,Q(x)<Pko,j ,t)\ =C(k,j) (18) 
s=l,2,...,m 

Using this, (14), (5), we obtain 

| (* fcj , t (x),^, M (x)) |< (19) 

| A fc ,j(t) - (2?rp + t) | 

for p ^ A(fc, i) and s, j = 1, 2, m. This and (7) imply that 

J2 i(^ t (x),^, M (x))i<^M, 

p:p>d 
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where d > 2\k\ and t G [— f , ^-)- Therefore the decomposition of ^ k ,jA x ) 
the orthonormal basis {<y9 p . g .t(:c):p 6 2,5 = 1,2, to} is of the form 

Vk,j,t( X )= Y ('®k,j,t( X )><Pp,q,t( X )) l Pp,q,t( X ) +9d{x), (20) 
p:\p\<d, 
q— 1,2,. ...m 

where sup.,. e[0il] |ff d (a;)| < 2££M. Putting this in (V kijtt (x), Q (x) (p n ^A x )) 
and tending d to oo, we obtain (15). 

Now we prove (16). Using (20) in (^h,j,t(x), Q (x) <fik ,joA x ))' isolating the 
terms with multiplicands (*&k,jA x )i <Pp,iA x )) f° r P = ^> — ^> — + l)i 

<j = 1,2, m, and tending d to oo,we obtain 

(*fcj,t(!C). Q ( X ) Vk ,joA X )) = Y b 30,Q,ko-pi^kJ,t i X ) , <Pp,q,t {X)) + 

p=fc,-fc,-(fc+l); 
q— l,2,...,m 

X] ^Aio-pfeW.taW). (21) 
p^fe,-fe,-(fe+l) 

g— l,2,...,m 

Since 

l 

I bj^ s |< max / | b ps (x) \ dx < c 5 , Vj, i, s (22) 

p,g=l,2,...,m J 


( see (17)) it follows from (19), (8), (6) that 

In Ifcl 

Y b lo,q.ko-P (*fcj,t, Pp.g.t) = 0(—j^-)C{k, I)). 

p#fc,-fc,-(fc+l) 

g— l,2,...,m 

Therefore taking into account that the absolute value of the first summation in 
the right-hand side of (21) is not greater than 3tocs ( see (22)), we conclude 
that | C(k,l) |< 4mc5 ( see (18)) which means that (16) holds ■ 

Lemma 2 Let ^ k ,j,t{x) be any normalized eigenf unctions corresponding to the 
eigenvalue Xk,j(t) of L t (Q). Then 

(* fcJ ,t(aO, (Q (x) - C)$ n>i , t (aO) = O(^) + 0(b k ) (23) 
/or n € A(k, t) and i = 1, 2, to, where 

b k = max{| 6 iij; „ |: i, j = 1,2, ...m; n = 2fc, -2fc, 2fc + 1, -2k - 1}. (24) 
/n particular, for t e T(fc) £/ie formula 

WkjAx), (Q ( x ) - Q^kM) = (25) 

holds. The formula (23) is uniform with respect to t € [— ^ , 4^). 
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Proof. Since <& n ,s,t(x) = v s e^ 27Tn+t ^ x , to prove (23) it is enough to show 
that 

(**,,•,*(*), (Q (x) - C)<p n , a , t {x)) = 0((^) + 0(h) (26) 
for s = 1, 2, m and n € A(fc, i). Using the obvious relation 

(*fc,j,t(a ; )>CVn,s,t( a; )) = X! ^, g ,o(*fej\t(a;),^n,g,t(a:)) 

q— l,2,...,m 

and (15), we see that 

{Vk,j,t,{Q{x)-C)<p ntait {x)) = E b s ,q,n-p{^k,j,t{x),Wp, q ,t{x))+ (27) 

p:p£A(k,t)\n 
q— l,2,...,m 

E & s ,g,fc-p (*fe,j, t (a;), ip p ,q,t(x)) . 

p:pfA(k,t) 
q— 1,2,. ..,m 

On the other hand, it follows from (19), (18), (16) that 

I (y k ,j,t(x),<pp,q,t(x)) \< — — rrr-^jz 7^7 (28) 

| \ k ,j (t) - {2np + t) | 

for p ^ A(k,t) and q — 1,2, ...,m. Using this, (22), and (8) we see that the 
second summation of the right-hand side of (27) is 0((^— ). Besides it follows 
from (6), (24) that the first summation of the right-hand side of (27) is 0(bk), 
since for n £ A(k, t) andp £ A(k, t)\n we have n—p <G {2k, — 2k, 2fc+l, — 2k— 1}. 
If t e T(k) then the first summation of the right-hand side of (27) is absent, 
since A(k,t) = {k} and A(k,t)\n = for t E T(k) and n € A(k,t) (sec (6)). 
Thus (25) is also proved. ■ 

Lemma 3 For each eigenfunction &k,j,t{x) of L t (Q) there exists an eigenfunc- 
tion & n ,i,t(x) of Lt(C) satisfying 

K*fcj,t(aO,*n,i,t(aO)| > c 6 (29) 

and for each eigenfunction $>k,j,t{x) of L t (C) there exists an eigenfunction 
^n,i,t(x) of L t (Q) satisfying 

|(*fcj,t(a;),*„,i,t(a:))| > c 7 , (30) 

where n G A(fc, i); i, j = 1, 2, m and \k\ > N . 

Proof. It follows from (28) and (9) that 

E ( E i(*^ ) ^)i 2 ) = o(M^). (si) 

3=1, 2,. ..,m n:n£A{k,t) 

Therefore taking into account that <& n ,s,t(x) = Us e l ( 27m+ *) x , where v s for 
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s = 1, 2, ...m are the normalized eigenvector of C, we get 

E ( E l(*W,t.*-At)| a ) = 0( fi ^)- (32) 

j=l,2,...,ro n:n(A(k,t) 

Since {<& ni , ;t (a;) : i = 1,2, m; n e Z} is an orthonormal basis in L™ [0, 1] , we 
have 

E |(^ t (x),$„„(x))| 2 =1 + 0(M^!) (33) 

i=l,2,...,m;neA(k,t) 

Now taking into account that the number of the orthonormal eigenfunctions 
&n,i,t(x) for n € A(fc, i), i = 1, 2, m less than 2m we obtain the proof of (29). 
Instead of (9) using (10), taking into account that the eigenfunctions of the 
operator L t (Q) form an orthonormal basis in L™(0, 1), and arguing as in the 
proof of (33) we get 

E ( E i(^,..*-A.)i a ) = o( 5= 3 ^) 

j=l,2,...,m n:n(A(k,t) 

E ( E l(*W,*.*-,M)| a ) = 0( e ^). (34) 

i=l,2,...,m n:n(A(k,t) 

E ( E l(^,t,*n, i>t )| 2 ) = l + 0(M^) (35) 

i=l,2,...,m n:n£i(t,() 

and the proof of (30) ■ 



Theorem 1 (a) big eigenvalues of L t (Q(x)) lie in eu = c 8 (| ^j^- \ +bk) 
neighborhood U{£k,j^k.i) of the eigenvalues /J,k,i(t) — (27rfc + t) 2 +[ii for \ k \ > N, 
i = 1, 2, m of L t (C). Moreover, for each big eigenvalues fJ,k,j(t) of L t (C) i/iere 
eziste an eigenvalue of L t (Q(x)) lying in U(ek, Mfe,j)- 

(6) J/ i 7^ 0,7r f/ien i/ie eigenvalues of L t {Q) consist of m sequences (3) 
satisfying 

\ K] (t) = (2nk + tf + ^.+0((^M), (36) 

w/iere ^i < ^2 < ••• < Mm are ^ e eigenvalues of C, and any normalized eigen- 
function ^>k,j,t{x) corresponding to Afej obey 

II *W,t(x)-P* fc j,t(x) ||= 0(M1), (37) 

where P is the orthogonal projection onto the eigenspace corresponding to fi^.j ■ 
(c) 7/ /ij is a simple eigenvalue of the matrix C and t ^ B(ctk, fij), where 

B{a k , N )= U {7m + M ^ ~ ^ ~ °; fc , 7m + ^ + }, (38) 
„=o,i ; 47r(2fc + n) 47r(2fc + n) J V ; 

p= 0,l,...,m 
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k > N and a k — \/sk, then there exists a unique eigenvalue, denoted by Xkj{t), 
of L t (Q(x)) lying in U(sk, Mfc.j)- This eigenvalue is a simple eigenvalue of 
L t (Q (x)) and the corresponding normalized eigenfunction ^k,j,t{ x ) satisfy 

* k , j , t (x)=v j e i ^ k+ V x + 0(a k ), (39) 

where Vj is the normalized eigenvector of C corresponding to the eigenvalue fij . 

(d) Suppose that there exists at least three simple eigenvalues fj,j 1 < fij 2 < y,j 3 
of C and the set {/x, p + fii p : p = 1,2,3} contains two points for each triple 

22,^3), where ^1,^2, *3 = 1,2,..., to. Then there exist a number H such that 
(H,oo) € S(L), that is, the number of the gaps in the spectrum of L(Q) is finite. 

Proof, (a) Dividing both sides of (12) by ( 1 ifk,j,t(x),^n,i,t(x)) and using 
(23), (29) we get the proof of the first statement of (a). Using (30), in the same 
way, we obtain the proof of the second statement of (a). 

(6). If t ^ 0,tt then there exist N such that t G T(k) for k > N. Therefore 
instead of (23) using (25), taking into account that A(k,t) = {k} for t € T(k), 
and repeating the proof of (a) we see that the eigenvalues X k ,j for j = 1, 2, to 
of L t {Q (x)) lie in U(Sk,^k,i) for i = 1,2, ...,m and for each eigenvalue fik,i of 
L t (C) there exists an eigenvalue of L t (Q(x)) lying in U(Sk, Mfc,i)' where | k |> N, 
o k - c 9 — . 

Now we prove that if the multiplicity of the eigenvalue fj,j of C is q then 
there exist precisely q eigenvalues of the operator L t (Q) lying in U (Sk,^h,j) for 
I k |> N . The eigenvalues of L t (Q) and L t (C) can be numbered in the following 
way Afe,i < Xk,2 < — < Xk, m and fj,k,i < MM < ■■■ < (J>k,m- If the matrix C 
has r different eigenvalues ^j 1 ,^j 2 , ■■■,V>j r , where j\ < j 2 < ■■■ < jr = m, with 
multiplicities ji, j 2 — ji, j r — jr-i then we have 

Mji < Mj 2 < ••• < M>5 Mi = M2 = ••• = Mil! (40) 
Mji+i = Mj'1+2 = ••• = M J2 ; = MjV-2+2 = ••• = M>- 

Suppose that there exist precisely si,s 2 , s r eigenvalues of L t (Q (x)) lying in 
neighborhoods U(5k, Hk,j 1 ),U(5k, /J>k,j 2 ), ■■■,U(5k 1 Mfc,j r ) respectively. Since 

< I niin p= i 2,..., r -i | Mj P +i — Mjp | for | A: |> TV these neighborhoods are 
pairwise disjoints. Thus in the first paragraph of the proof of (6) we have proved 
that 

si + s 2 + ... + s r = to (41) 

Now we prove that s\ — j\, s 2 = j 2 — ji, s r = j r —j r -i- Due to the notations 
the eigenvalues Xk,i, \k,2---, Xk, Sl of the operator L t (Q) lie in U(5k,^k,i) and 

I \k,j - MM l> 7; min I Mi ~ Mp I 
for j < si and i > ji- Therefore it follows from 

(A fc j(t) - $ fc ,i,t) = ((Q(ar) - C0*fcj,t(x), *fc,i,t(a:)) (42) 
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and (25) that 

E l(*W,*.*M,t)| 2 ) = 0(^|^),Vj < Sl . (43) 

»>ji 

Using this and (33), and taking into account that A(k,t) = {k} for t G T(fc) ( 
see (6)), we conclude that there exists normalized eigenfunction corresponding 
to fik,i — Mfe,2 = ••• = Mfe.ji an d denoted by $fc,.j,t(ar) such that 

*fcj,t(x) = * fclj -, t (x)+0(^l) (44) 

for j < si. Since *fe,i,t(a;), ^fe i 2,t(a;), *fc, Sl ,t(a;) are orthonormal system we 
have 

In \k\ 

{<f> kJtt {x),$ k ,iA x )) =8iJ+0(— ^) 

for i,j = 1, 2, Si. This formula imply that the dimension ji of the eigenspace 
of L t {C) corresponding to the eigenvalue fik,i = A*i + (27rfc + t) 2 is not less than 
Si. Thus si < j\. In the same way we prove that S2 < ji — ji, s r < j r — jr-i- 
These inequalities with the equalities (41), j r = m imply that Si = ji, 

s 2 = 32 — ji, s r = j r — jr-i- Therefore taking into account that ( see 

(3) , (4)) the eigenvalues of the operator L t (Q) consist of m sequences satisfying 

(4) we get the prove of (36). The proof of (37) follows from (44). 

(c) To consider the simplicity of Hk,j(t) and \k,j(t) for k > N we introduce 
the set 

7T 37I\ 

2'T 

for (n, i) (k,j). It follows from (5) that S(k,j, n,i) = for k, —k, —k — 1. 
If /ij is a simple eigenvalue of the matrix C then S(k,j,k,i) = for i =/= j. It 
remains to consider the sets S(k,j, —k,i), S(k,j, — k — 1, i) By direct calculations 
of the differences fik,j(t) — fi-k,i(t), ^k,j(t) — fi-k-i,i(t) one can easily verify that 



S(k,j,n,i) = {te [--, — ) :| /Zfc.j (*) - /i„,i(t) |< c*fc} (45) 



These relations with (38) imply that 

%,ft)= U 5(fc,j,n,z)= U S(k,j,n,i) (48) 

raeZ;(n,i)^(fe,j) n=~k,—k—l 
i=0,l,...,m i=0,l,. ..,m 

Therefore it follows from the definition of S(k,j,n,i) ( see (45)) that if 
t $l B(ak,Hj), then 

I Vk,j(t) -(J-nA*) \> a k ( 49 ) 
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for all (n,i) ^ (k,j). Hence Hk,j(t) is a simple eigenvalue for t ^ B(ak,fij)- By 
(a) there exist an eigenvalue of L t (Q) lying in U(ek 1 Mfe.j)- Denote this eigenvalue 
by Xkj{t). Thus Xk j is an eigenvalue of L t (Q(x)) satisfying 

I x k,j(t) - Vk,j(t) \<Sk- (50) 
It follows from this and (49) that 

I A fcj(i) - Mn,i(i) |> ^Oi k . (51) 

for n £ A(k,t), i — 1,2,..., to, and (n, i) 7^ (fc,j) since k > N, oik — y/£k and 
£ p —* as p — > 00. Let "J/fcj^x) be any normalized cigenfunction corresponding 
to Afej. Using (12), (23), definition of and (51), we obtain 

(*fc,j,t(a;),*n,»,t(a;)) = 0(a k ) 

for (n, i) ^ (k,j) and n G A(fc,i). This and (35) imply that &k,j,t(x) satisfies 
(39). Thus we have proved that (39) holds for any normalized eigenfunction 
corresponding to any eigenvalue lying in U(sk, Mfc,j)- If there are two different 
eigenvalue or a multiple eigenvalue lying in U(ek,Hk,j) then there are two or- 
thonormal eigenfunction satisfying (39) which is impossible. Hence there exists 
unique eigenvalue X k j(x) lying in U(ek, fJ>k,j) and this is a simple eigenvalue. 

(d) In (c) we proved that if k > N , t £ B(ak,^j p ), where p = 1,2,3, then 
there exists a unique eigenvalue of Lt(Q) lying in U(ek, Pkj )■ We denoted this 
unique eigenvalue by Xk,j p [t) and proved that it it a simple eigenvalue. Let us 
prove that Xk,j p (t) is a continuous function at to € [— -|, ^-)\B(ak, Mj P )- Since 
^k.j p (to) is a simple eigenvalue it is a simple root of the characteristic determi- 
nant A(A, t) of the operator L t (Q). Therefore there exists a neighborhood U (to) 
of to and a continuous in U(to) function A(i) such that A(t ) = Xk,j p (to), A(t) 
is an eigenvalue of L t (Q) for t £ U(to) and 

\A(t) (t)|<e fc) Vtetf(t ), (52) 

since | A(to) — fJ>k,j p (to) \< £k and the functions A(t), Hk,j p (t) are continuous. 
Now taking into account that there exists unique eigenvalue of L t (Q) lying in 
U(ek, Mfc,jp); we obtain that A(i) = Xk,j p (t) for £ e U(to), and hence Xkj p (t) is 
continuous at to- Now we prove that there exists H such that 

(ir,oo)c{A fc j p (t):te[-|,y)\B(a fc ,/i J - p ), k = N,N + 1, ...,}. (53) 
It is clear that 

{h,oo) C {Ai fc j p (t) :t€ [~,^-),k = N,N + l,...,}, (54) 

where ft- = MJV„j 3 (— f )• Since ^k.j p (t) — (2irk + t) 2 + fij p is increasing function 
for fc > N, it follows from (48), (47), (46) that 

{Vk,j p (i) ■ t e B(a k ,Vj p )} C [J C(k,j p ,i,a k ,n), 

n=0,l; 
i— 0,1,. ...m 
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where C(k,j p ,i,a k ,n) = {x e M :| x - (7r(2fc + n)) 2 - M< ^ p |< Therefore 
{Vk,j p (t) ■ t £ [~, ^-)\B(a k ,fi jp ),k > N} D (h,oo)\ {J C(k,j p ,i,a k ,n) 

1 1 n=0,l;fc>JV 

z=0,l,...,m 

Now using (50) and the continuity of \ k j p (t) on [— |, ^)\i?(afc, /ij p ) we get 
{Afcj p (t) [-^,^)\B(a fc ,/i jp ),fc>JV}D (H,oo)\ U C(k,j p ,i,2a k ,n), 

z z n=0,l;fc>JV 

i=0,l,...,m 

where H = h + l. Thus 

U ((^,oo)\ U C(fc,j p ,i,2a fc ,n))cS(L) 

p=l,2,3 n=0,l;fe>JV;t=0,l,...,m 

To prove that (H,oo) C S'(L) it is enough to show that the set 
( U C{k, Jp ,i,2a k ,n)) 

p=l,2,3 n=0,l;k>JV;»=0,l,...,m 

is empty. If this set contains an element x, then 

xe 1J C(k,j p ,i,2a k ,n) 

n=0,l;fc>iV;»=0,l,...,m 

for all p = 1,2, 3. Using this and the definition of C(k,j p , i, 2a k , n), we obtain 
that there exist k > N; n = 0, 1 and i p such that 

| x - (7r(2fc + n)f - Hp ± ^ p |< 2a fc 

for all p = 1,2,3 and hence | ^d^la _ ^p+^p |< 4afc for a u p , g = 1, 2, 3. Since 
afe — ► as fc — > oo the last inequality imply that = [ij 2 +(M 2 = fij 3 +^i 3 

which contradicts the condition of (d). ■ 
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